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SPECIFICATION AND THERMODYNAMICAL PROPERTIES 
OF SEMIGROUP ACTIONS 

FAGNER B. RODRIGUES AND PAULO VARANDAS 


Abstract. In the present paper we study the thermodynamical properties of finitely generated continuous subgroup 
actions. We propose a notion of topological entropy and pressure functions that does not depend on the growth rate 
of the semigroup and introduce strong and orbital specification properties, under which, the semigroup actions have 
positive topological entropy and all points are entropy points. Moreover, we study the convergence and Lipschitz 
regularity of the pressure function and obtain relations between topological entropy and exponential growth rate of 
periodic points in the context of semigroups of expanding maps, obtaining a partial extension of the results obtained 
by Ruelle for Z'^-actions (33) . The specification properties for semigroup actions and the corresponding one for its 
generators and the action of push-forward maps is also discussed. 


1. Introduction 

The thermodynamical formalism was brought from statistical mechanics to dynamical systems by the pio¬ 
neering works of Sinai, Ruelle and Bowen ||9l [TOl |37l [32l in the mid seventies. The correspondance between 
one-dimensional lattices and uniformly hyperbolic maps allowed to translate and introduce several notions of 
Gibbs measures and equilibrium states in the realm of dynamical systems. The present study of the thermo¬ 
dynamical formalism for non-uniformly hyperbolic dynamical systems is now paralel to the development of a 
thermodynamical formalism of gases with infinitely many states, a hard subject not yet completely understood. 
Moreover, the notion of entropy constitutes one of the most important in the study of dynamical systems (we 
refer the reader to Katok ESll and references therein for a survey on the state of the art). 

An extension of the thermodynamical formalism for continuous finitely generated group actions has re¬ 
vealed fundamental difficulties and the global description of the theory is still incomplete. A first attempt 
was to consider continuous actions associated to finitely generated abelian groups. The statistical mechanics 
of expansive Z'^-actions satisfying a specification property was studied by Ruelle |[33l, where he introduced 
a pressure function, defined on fhe space of confinuous functions, and discussed ifs relations wifh measure 
fheorefical enfropy and free energy. The nofion of specificalion was infroduced in fhe sevenfies as a properly 
of uniformly hyperbolic basic pieces and became a characterization of complexify in dynamical systems. The 
crucial fad lhal continuous Z^-aclions on compacl spaces admit probability measures invariant by every con¬ 
tinuous maps associated to the group action, allowed Ruelle to prove a variational principle for the topological 
pressure and to build equilibrium states as the class of pressure maximizing invariant probability measures. 
This duality between topological and measure theoretical complexity of the dynamical system is very fruitfull, 
e.g. was used later by Eizenberg, Kifer and Weiss ifTSl to establish large deviations principles to Z'^-actions 
satisfying the specification property. Other specification properties of interest have been introduced recently 
(see e.g. lfT4l[3^). 

A unified approach fo fhe fhermodynamical formalism of confinuous group actions is still unavailable, while 
sfill few definitions of topological pressure exisfs and mosf of fhem unrelated. Moreover fhe connecfion befween 
topological and ergodic properties of group acfions sfill fails to provide a complete descripfion fhe complexify 
of fhe dynamical system. In many cases fhe exisfenf definilions for topological enfropy fake info accounf eifher 
abelianify, amenabilify or growfh rate of fhe corresponding group. A non-exfensive lisf of confribufions by 
many aufhors include imporfanf confribufions by Ghys, Langevin, Walczak, Friedland, Lind, Schmidf, Bufefov, 
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Bis, Urbanski, Ma, Wu, Miles, Ward, Chen, Zheng and Schneider among others (see e.g. |[^ l20l ITTl [TTl [5l 
[28l|3|4l|29l|43l[35] and references therein). 

Our main goal here is to describe the topological aspects of the thermodynamical formalism for semigroup 
actions for general finitely generated semigroup actions, where no commutativity or conditions on the semi¬ 
group growth rate are required. Inspired by a notion of topological entropy of free semigroups by Bufetov ifTTI . 
given a finitely generated semigroup (G, Gi) where G\ = {id, gi,..., g,,,) is a set of generators we consider the 
coding 

^ ^ ( 1 . 1 ) 

where denotes the free semigroup with m elements. This coding is injective if and only if G is a free 
semigroup. Our thermodynamical approach for the semigroup action is to average the complexity of each 
dynamics g € G with a weight corresponding to the size of c'(g), that is, how often a particular semigroup 
element g arises by concatenation of the generators. 

E.g. if all generators commute and do not have finite order then G Z"* and every element in G has 
the same weight, a property that will change substantially in the case of semigroups of exponential growth 
with a non-trivial abelian subgroup. This approach has the advantage of being independent of the semigroup 
growth rate, hence to propose a unified approach fo fhe sfudy of semigroups wifh subsfanfially differenf growfh 
rafes (see Section |5] for examples) and fhe disadvanfage fo depend a priori on fhe sef of generators for fhe 
semigroup. Inspired by several forms of fhe specificalion properly for discrefe lime fransformalions wifh some 
hyperbolicify (see e.g. l[3^l3n[Ml[30ll39]l ). we also infroduce some notions of sfrong and orbifal specification 
properlies for confinuous actions associaled fo finifely generaled (nof necessarily abelian) groups which are of 
independenl inleresl. In fhe particular case of semigroups {G,G\) of expanding maps our main conlribulions 
can be summarized as follows: 

(a) we infroduce a notion of fopological pressure PtopiiG, Gi), ip, X) which in independenl of fhe semigroup 
growfh rale; 

(b) we prove fhal fhe orbifal specification properlies hold and, consequenlly, fhe local complexify af every 
neighborhood of any poinl coincides wifh fhe fopological pressure of fhe dynamical system (see fhe 
notions of ‘enfropy poinf’ in Subsection 13. Ik 

(c) using expansiveness, we prove fhal fopological pressure can be computed al a finite scale (omilfing a 
limif in fhe original definition) 

(d) we prove fhal fhe fopological pressure function 1 1 -> PtopiiG, Gi), t(p,X) for Holder confinuous observ¬ 
ables 99 is a uniform limif of funclions, hence if is Lipschifz and differenliable Lebesgue almosf 
everywhere; and 

(d) fhe exponenlial mean growfh of periodic poinls is bounded from below by fopological enfropy PtopiiG, G\),(p, X). 

In 1331, Ruelle sludied expansive Z'^-aclions wifh specificalion properly and oblained fhal fhe fopological pres¬ 
sure function is smoofh, existence and uniqueness of equilibrium sfales. Here we oblained fhe Lebesgue almosf 
everywhere differenliabilily of fhe pressure funcfion for semigroups of expanding maps fhal may have exponen¬ 
tial growfh. To fhe besf of our knowledge fhese are fhe firsf resulls after 1^ (fhal considered Z'^-aclions) where 
Ihere are parlial resulls on fhe fhe differenliabilily of fhe fopological pressure function for group or semigroup 
actions. 

Finally we observe fhal fhis is fhe firsl par! of a program fo describe fhe fhermodynamical properties of 
semigroup actions following fhe program of Ruelle 1331, and fhe consfrucfion of relevanl sfalionary measures 
fhal describe fhe ergodic Iheory of finitely generaled semigroup actions of expanding maps will appear else¬ 
where m. The relalion befween orbifal specificalion properlies for fhe group action is also discussed and 
a class of examples of group aclions is given where orbifal specification properties presenl a flavor of fhe 
non-uniform versions arising in non-uniformly hyperbolic dynamics. In facl, we also sfudy semigroups wifh 
non-expanding elemenfs and compare fhese wifh fhe notions of enfropy inlroduced by Ruelle 11331 and Ghys, 
Langevin, Walczak 11211 . For fhe convenience of fhe reader, we describe briefly fhe beginning of each secfion 
fhe main resulls fo be proved Ihere. Excepl when we menlion explicil olherwise, we shall consider fhe conlexl 
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of semigroup actions and, in case the existence of inverse elements is needed, we shall make precise mention 
to that fact. We refer the reader to the statement of the main results and to Section|5]for some examples. 

This paper is organized as follows. In Section[2]we introduce both the strong specification property and some 
orbital specification properties for finitely generated semigroups actions and discuss the relation between these 
notions and the specification property for the generators. The connections between specification properties for 
group actions, for the push-forward group actions and hyperbolicity are also discussed. 

In Section[3]we introduce a notion of topological entropy and pressure for continuous semigroup actions and 
study group actions that exhibit some forms of specification. In particular, we prove that these have positive 
topological entropy and every point is an entropy point. 

In Section 0] we study the semigroup action induced by expanding maps. We prove that these semigroups 
satisfy the previous notions of specification and that topological entropy is a lower bound for the exponential 
growth rate of periodic orbits. We also deduce that the pressure function acting on the space of Holder contin¬ 
uous potentials is Lipschitz, hence almost everywhere differentiable along families tip with t € R and (f Holder 
continuous. 

Finally, in Section[5]we provide several examples where we discuss the specification properties and establish 
a comparison between some notions of topological entropy. 

2. Specification for a finitely generated semigroup actions 

In this section we introduce the notions of specification and orbital specification properties for the context of 
group and semigroup actions. The specification property for the group action implies that all generators satisfy 
the specification property fLemma |2T]) and also that the push-forward group action satisfies fhe specification 
property (Theorem 12.21) . Moreover, C'-robust specification implies structural stability (Corollary 12.21) . 

2.1. Strong specification property. The specification property for a continuous map on a compact metric 
space X was introduced by Bowen [Hi. A continuous map f : X ^ X satisfies fhe specification property if for 
any d > 0 fhere exisfs an infeger p{5) > 1 such fhaf fhe following holds: for every k > I, any points xi,. . .,Xk, 
and any sequence of positive integers n\,. .. ,nk and pi, .. .,pk with pi > p{6) there exists a point x in X such 
that 

d[fKx),fKx\)) <6, VO < 7 < Ill 
and 

for every 2 < i < k and 0 < j < n,-. This property means that pieces of orbits of / can be d-shadowed by a 
individual orbit provided that the time lag between each shadowing is larger than some prefixed time p(6). 

The nofion of specificafion was exfended fo fhe confexf of continuous Z'^-acfions on a compacf metric space X 
by Ruelle motivated by statistical mechanics. Let (Z'^, -i-) be endowed with the distance djdia, b) = \tii-bi\. 
Following 1331, the group action x X X satisfies fhe specification property if for any d > 0 fhere exisfs 
p{5) > 0 such fhaf for any finife families (A,),gj, safisfying if i t j, the distance of A,-, Ay (as subsets 

of Z^) is > p{6), there is x € X such that V(m,x, m,x,) < d, for all / e I, and all m,- e A,. This notion clearly 
extends to group actions associated to finitely generated abelian groups. 

Specification property for groups and its generators. In this article we shall address the specification properties 
and thermodynamical formalism to deal both with finitely generated group and semigroup actions. For sim¬ 
plicity, we shall state our results in the more general context of semigroup actions whenever the results do not 
require the existence of inverse elements. More precisely, given a finitely generated semigroup (G, o) with a 
finite set of generators Gi = {id,gi,gi, ■ ■ ■,gm) one can write G - U«€No where Go = id and 

£ £ G„ if and only if g = ... gi^gi^ with £ Gi (2.1) 

(where we use gjgt instead of gjogt for notational simplicity). If, in addition, the elements of Gi are invertible, 
the finitely generated group (G,o) is defined by G = 1J«€No where Go = id, Gi - {id,gY,g 2 ,. ■.,g%} 
and fhe elemenfs g £ G„ are defined by (12.11) . In bofh settings, G„ consisfs of fhose group elements which 
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are concatenations of at most n elements of Gi. Since id € then (G„)„gN defines an increasing family 
of subsets of G. Moreover, G is a finite semigroup if and only if G„ is empty for every n larger than the 
cardinality of the group. Given a semigroup G we say g € G has finite order if there exists « > 1 so that 
g" = id. If the later property does not hold then an element g e G is said to have infinite order. We say that 
S - gin ■ ■ ■gi\ is reduced if it is the smaller concatenations of elements of G\ which generates g. Denote by 
Gj = Gi \ {id} and G* = {g = g,,, .. -gr^g/i : gij £ G^}. Using the coding function t (recall (11.11) 1 observe 
G* -6({/„.../i : ij€{\,...,lc}). 

Motivated by applications by actions of semigroups we first introduce some generalizations of the previous 
specification property for group actions. Let (G, o) be a finitely generated group of maps on a compact metric 
space X endowed with the distance ddh, g) = |/i“^g| for h,g € G, where the right hand side tern is the order of 
the element /i“*g and it is defined by \h~^g\ := inf{n > 1: h~^g € G„). If is not difficult to check that it is a metric 
in the group G and that dG{h,g) = n if and only if there exists g e G„ so that g - hg . We are unaware of a 

—n —n 

natural notion of metric for semigroups. The following notion extends of the specification property introduced 
by |[^ to more general group actions. 

Definition 2.1. Let G be a finitely generated group, X be a compact metric space and let T : G x X —> X be a 
continuous action. We say that the group action T has the specification property if for any d > 0 there exists 
p{6) > 0 such that for any finite families (A;);gj, so that the dd^i, Aj) > p{6) for every i j, then there 

is X £ X such that d{giX, giXi) < 6 for every i € I and g,- £ A,-. 

The later notion implies on a strong topological indecomposability of the group action. Given a continuous 
action T : G x X —> X we say that T is topologically transitive if there exists a point x £ X such that the orbit 
Og{x) := {g(x) : g £ G} is dense in X. We say that T is topologically mixing if for any open sets A,B in X 
there exists A > 1 such that for any n > N there is g £ G with g ^G*„ satisfying g(A) n B 0. it is easy to 
check that any continuous action with the specification property is topologically mixing, hence topologically 
transitive. For a survey on several mixing properties for group actions we refer the reader to the survey ifT^ 
and references therein. 

Given a continuous action T :GxX—>Xofa group G on a compact metric space X we denote, by some 
abuse of notation, g : X —> X to be the continuous map x i-> T{g, x). Given g € G we say that x £ X is sl fixed 
point for g if g(x) = x and use the notation x £ Fix{g). We say that x £ M is a periodic point of period n if 
there exists g £ G„ so that g (x) = x. In other words, x £ IJg F/x(g ). We let Per{Gn) denote the set of 
periodic points of period n and set Per{G) = lJn>i P^KGn)- If the tracing orbit in the specification property 
can be chosen periodic we will say that the action satisfies the periodic specification property. It is not hard to 
check that an invertible transformation / : X ^ X satisfies the specification property if and only if the group 
action on X associated to the group G = {/" : n £ Z} (isomorphic to Z) satisfies the specification property. 

The next lemma asserts that this specification property for group actions implies all generators to satisfy the 
corresponding property. 

Lemma 2.1. Let G be a finitely generated group with generators Gi = {g^g^,... ,g^}. If the group action 
T : G X X —> X satisfies the specification property then every g £ Gi with infinite order has the specification 
property. 

Proof. Let d > 0 be fixed and let p{6) > 0 be given by the specification property for the group action T. Take 
arbitrary k> points xi,..., x^;, and positive integers ni,.. .,nk and p\,... ,pk with pi > p{6). Since g £ Gi 
is a generator then for any i - \ .k the set 

/-I r—1 

A,' ^ (g-^: + nfi < j < m + Y^iPs + ns)] 

i=0 .5=0 

is finite and connected (assume no = po = 0). Moreover, since g has infinite order it is not hard to check that 
Jg(A,, Ay) > p(5) for any i t j. Let xj - g ^>= 0 ^* ”'(xy), for \ < j < k. Thus, by the specification property 
there exists a point x £ X such that d{hx, hxi) < 5, for all / = 1... k and all h £ A,- which are reduced in this 
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case to 

and 


d[gKx),g^xi)) <5, VO < 7 < ni 

+■■■+«,, g\xi)) < 6 


for every 2 < i < k and 0 < j < ni. This proves that the map g has the specification property and finishes fhe 
proof of fhe lemma. □ 


Lef us mention fhaf fhe exisfence of elemenfs of generators of finife order is nof an obsfrucfion for fhe 
group acfion fo have fhe specification (e.g. fhe Z^-acfion on = R^/Z^ whose generators are a hyperbolic 
aufomorphism and fhe refleclion on fhe real axis). We refer fhe reader fo Secfion [5] for a simple example of a 
Z^-acfion for which fhe converse implicafion is nof necessarily frue. 


The push-forward group action. Given a compacf metric space X let P{X) denote the space of probability 
measures on X, endowed with the weak*-topology. It is well known that P{X) with the weak* topology is a 
compact set. We recall that the weak*-topology in P(X) is metrizable and a metric that generates the topology 
can be defined as follows. Given a counfable dense sef of continuous functions in C(X) and p,v e P{X) 

define 




(pkdv 


For a confinuous map f : X X, fhe space of /-invarianf probabilify measures correspond fo fhe fixed poinfs 
of fhe push-forward map f^ : P{X) —> P{X), which is a confinuous map. For fhaf reason fhe push-forward f^ 
reflecfs fhe ergodic fheorefical aspecfs of /. Moreover, fhe dynamics of / is embedded in fhe one of /j since if 
corresponds fo fhe resfricfion of f^ fo fhe space {6^ ■ x € X] G P{X) of Dirac measures on X. This mofivafes fhe 
sfudy of specificafion properties for fhe group acfion of fhe push-forward maps. 

Given a finifely generafed group G and a confinuous group acfion T : G x X ^ X lef us denofe by Tji : 
G X P{X) —> P{X) denofe fhe group acfion defined by g • v = T{g, •)(! v. It is natural to ask wether the 
specification property can be inherited from this duality relation. 


Theorem 2.2. Let G be a finitely generated group and T : G x X ^ X be a continuous group action satisfying 
the specification property. Then the group action T^ : G X P{X) P{X) satisfies the specification property. 

The following lemma will play an instrumental role in the proof of the theorem. 

Lemma 2.2. Given probability measures p\,...,pk £ P{X) and d > 0, there are X £ N and points (Xj,..., x'^) £ 
X^ such that the probabilities i^'i = jj Z satisfy d{pi,p'.) < 5 for \ < i <k. 

Proof. It is well known that the finitely supported atomic measures are dense in P{X). Then, for d > 0, there 
are p\, ...,pk, with pj = T,f=i J £ PiX), so that d{pk,pk) < d/2. Let p\lq\ be a positive rational such that 

J 

Iff/ - p//v/l < djlO. Let N = Y\kj=i q\ and X/ ^ p{ n5=i,r^A: v/- Notice that |X//X - a{\ < d/10 and 



satisfies d{p'j,pj) < djl, and by friangular inequalify, d{pj,p'j) < d. □ 

Proof of the Theorem \2.2\ Assume fhaf fhe acfion T : G x X —> X has fhe specificafion property. Clearly, if 
T salisfies fhe specificafion property fhen for any X > 1 fhe confinuous acfion : G x X^ —> X^ on fhe 
producf space X^ endowed wifh fhe disfance d/v((x,),-, (y,),) = maxi<,<Ar d{xi,yi) and given by g • (xi,..., x^) - 
{gx \,..., gxj.]) also salisfies fhe specificafion. In facf, for any d > 0 jusf fake p{6) > 0 as given by fhe specifica¬ 
tion properly for T. 

Lef us proceed wifh fhe proof of fhe Iheorem. Take d > 0 and lef p(d/2) be given by fhe specification properly. 
Take p\, ...,pk £ P{X) and A\,.. .,Kk finite subsels of G wifh d(A,-, Aj) > p(d/2). Lef p'^ = jj Z such 
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that dig/u'.,g/Ui) < (5/2 for all g € A,-. By considering the finite sequence {x \,c and the sets 
Ai, ..Ai, there exists a point {x\,..., xn) e X^ in the product space such that 

dig ■{xi,...,XN),g < -forallge A;. 

It implies that the probability measure - jj ^xj satisfies 

dig ■ jJ-i, g-l^)<dig- fi[, g-iJ.) + dig- g ■ jii) < 6, for all g e A,-. 

This complefes fhe proof of fhe fheorem. □ 

The converse implication in fhe previous fheorem is nof immediafe. In facf, given fhe specification properfy 
for Tjj and any specified pieces of orbif by Tjj if is nof clear fhaf fhis can be shadowed by fhe rj-orbif of a Dirac 
probabilify measure dx- Neverfheless fhis is indeed fhe case for fhe dynamics of confinuous inferval maps. 

Corollary 2.1. Let f be a continuous interval map. Then f satisfies the specification property if and only if 
satisfies the specification property. 

Proof. If follows from Theorem 12.21 fhaf fhe specification properfy for / implies fhe specification properfy 
for /(|, and so we are reduced fo prove fhe ofher implicafion. Firsf we observe fhaf fhe specificafion properfy 
implies fhe fopologically mixing one. By 13, / is topologically mixing if and only if is topologically mixing. 
Moreover, Blokh Q proved fhaf any confinuous fopologically mixing inferval map satisfies fhe specificafion 
properfy, fhus fhese are equivalenf properties for confinuous inferval maps. This proves fhe corollary. □ 

If is nof clear fo us if Q can be exfended fo group acfions, and so fhe previous equivalence does nof have 
immediafe counferparf for group acfions of confinuous inferval maps. 

2.2. Orbital specification properties. In this subsection we introduce weaker notions of specification. In op¬ 
position to the notion introduced in Definition 12.11 which takes into account the existence of a metric in the 
group, the following orbital specification properties are most suitable for semigroups actions. A first problem 
to define orbital specification properties is that group elements g £ G may have different representations as con¬ 
catenation of the generators. For that reason one should explicitly mention what is the ‘path’, or concatenation 
of elements, that one is interested in tracing. 

Definition 2.3. We say that the continuous semigroup action T : GxX ^ X associated to the finitely generated 
semigroup G satisfies the strong orbital specification property if for any e > 0 there exists pie) > 0 such 
that for any e G*p. (with pj > pis) for \ < j < k) any points x\,... ,Xk £ X and any natural numbers 
n\,...,nic, any semigroup elements g . - ■ ■ ■ ghj Siij ^ 0 = l...k) there exists x £ A so that 

dig^ j(x) , ^(xi)) < s for every ^ = 1... ni and 

di g h„ ... g g ix) , g (x,) ) < £ 

for every j = 2.. .k and b = I.. .nj (here g^, — gi^j ... gi,j). 

Remark 2.4. The previous notion demands that every ‘long word’ semigroup element hp. can be used to shadow 
the pieces of orbits. Here, ‘long word’ means that the element has at least one representation that is obtained by 
concatenation of a large number (> pj) of generators, the identity not included. In the case of finitely generated 
free semigroups the representation of every element as a concatenation of generators is unique and it makes 
sense to notice that the size \hpj\ of an element hpj is well defined and coincides with pj. However, the later 
property holds for group actions if and only if X is a unique point, since in the case that G is a group then 
id £ G„ for every n > 2. This is one of the reasons to choose G* instead of G„. 

We also introduce a weaker notion of orbital specification for semigroups inspired by some nonuniform 
versions for maps. 
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Definition 2.5. We say that the continuous semigroup action T : GxX —> X associated to the finitely generated 
semigroup G satisfies the weak orbital specification property if for any £ > 0 there exists p{e) > 0 so that for 

any p > pie), there exists a set Gp c G* satisfying limp^oo ^ - 1 and for which the following holds: for any 

hpj € Gp. with pj > pis), any points xi,.. .,Xk e X, any natural numbers n\,... ,nu_ and any concatenations 
i.n Sinpj---Si 2 ,jSii,j e Gnj with 1 < 7 < ^ there exists x e X so that dig^^ix) , g^^i^i)) < e for every 
£ = I.. .ni and 

for every j = 2 .. .k and { - \ . nj. 

We emphasize that the previous definitions are independent of the set of generators for G, hence these are 
properties intrinsic to the semigroup. This definition weakens the later one by allowing a set of admissible 
elements (whose proportion increases among all possible semigroup elements) for the shadowing. It is not hard 
to check that the later notions do not depend on the set of generators for the semigroup. Non-uniform versions 
of the previous orbital specification properties can be defined in the same spirit as Il42l [30l [39l [3X1 [^ . but 
we shall not need or use this fact here. In Section [5] we provide examples satisfying the orbital specification 
property but not the usual specification property. The following proposition is the counterpart of Theorem 12.21 
for orbital specification properties. 

Proposition 2.1. Let G be a finitely generated group. If a continuous group action T : GxX ^ X satisfies the 
strong (resp. weak) orbital specification property then the push-forward group action Tj : G X PiX) —> 'P(X) 
satisfies the strong (resp. weak) orbital specification property. 


Proof. Since the proofs of the two claims in the proposition are similar we shall prove the first one with detail 
and omit the other. By Lemma [Z2l it is enough to prove the proposition for probabilities that lie on the set 
MsiiX) = Y!i=\ dxt : xc £ 2f}, for any N e N. Observe that if T satisfies the strong orbital specification 

property then the same property holds for the induced action on the product space X’^. Let d > 0 and take 
pi5) e N given by the strong orbital specification property of the induced action on X^. Let p\,...,pk ^ M^iX) 
with yU; = -n d j and g , € Gn, (1 < y < k) be given. If we consider x; = (x',..., x^), for any |/i„ \ = pt > 

J I\ l—i Xj J •' J J ~Pj ■' 

piS) there exists x = (xi,..., xn) £ X^ such that dig^ j(-^i)) < d for every £ = \,...,n\ and 


for every j - 2,..., k and £= I, 
every £ = \,..., ui and 

for every j = 2,..., k and £ = \,. 


, nj. Let p = jf dxi- In particular p satisfies dig^ ^ ■ p 


dig h . 


■g Jln,g 

—n2,2P^—£ 


1,1 


8,ypj)<d, 


Hj, which finishes the proof of the proposition. 


-yUi) < dfor 


□ 


2.3. Specification and hyperbolicity. The relation between specification properties, uniform hyperbolicity 
and structural stability has been much studied in the last decades, a concept that we will recall briefly. The 
content of this subsection is of independent interest and will not be used later on along the paper. Given a 
diffeomorphism / on a compact Riemannian manifold M and an /-invariant compact set A c M (that is 
/(A) = A) we say that A is uniformly hyperbolic if there exists a D/-invariant splitting T/^M - and 

constants C>0, 0</l<lso that ||D/"(x) || < CT” and ||(D/'’(x) < CT” for every x e A and n > 1. 

If A = M is a hyperbolic set for / then / is called an Anosov diffeomorphism. 

Originally the notion of specification was introduced by Bowen ||8l for uniformly hyperbolic dynamics but 
fails dramatically in the complement of uniform hyperbolicity (even partially hyperbolic dynamical systems 
with period points of different index do not satisfy the specification property, see HOl |4T1 for more details). 
On the other hand Sakai, Sumi and Yamamoto 041 proved that if the specification property holds in a C'- 
open set of diffeomorphisms then the dynamical systems are Anosov. It is well know that every C' Anosov 
diffeomorphism / is structurally stable, that is, there exists a C^-open neighborhood 'ZY of / in Diff^(M) so 
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that for every g € 'ZY there is an homeomorphism hg : M ^ M satisfying g o hg = hg o f. Thus the -robust 
specification implies rigidity of the underlying dynamical systems. 

The previous results can be extended for finitely generated group actions acting on a compact Riemannian 
manifold M in a more or less direct way as we now describe. Let G be a finitely generated subgroup of Diff' (M) 
with generators Gi = {g*,..., g^). We will say that the group action G x M —> M is structurally stable if all the 
generators are structurally stable. In other words, there are C*-neighborhoods TY, of the generators g, (1 < / < k) 
such that for any choice g,- e 'ZY,- there exists a homeomorphism hi such that g, o hi = hi o g,-. In the case that 
G is abelian one can require the conjugacies to coincide (c.f. definition of structural stability by Sad 1241). 
We say that the group action T ■. G x M ^ M satisfies the -robust specification property if there exists a 
-neighborhood 'V of T such that any -action f €'V satisfies the specification property. As a byproduct of 
the previous results we deduce the following consequence: 

Corollary 2.2. Let G be a finitely generated subgroup of Dijf{M) such that group action T : G x M ^ M 
satisfies the -robust specification property. Then every generator is an Anosov dijfeomorphism and the group 
action is structurally stable. 

Proof. Since the group action T ■. G x M ^ M satisfies the C*-robust specification property there exists a 
-neighborhood 'V of T such that any -action T € satisfies the specification property. Moreover, from 
Lemma 12.11 any such f can be identified with a group action associated to a subgroup G of Diff ^ (M) whose 
generators Gi = {g*,... ,g^} satisfy the specification property. This proves that the generators g,- € Diff'(M) 
satisfy the -robust specification property and, by l34l . are Anosov diffeomorphisms, hence structurally stable. 
This proves the corollary. □ 

The previous discussion raises the question of wether the C*-smoothness assumption is necessary in the 
previous characterization. For instance, one can ask if a homeomorphism satisfying the specification prop¬ 
erty C°-robustly has some form of hyperbolicity. In the remaining of this subsection we shall address some 
comments on this problem taking as a simple model the push-forward dynamics, which is continuous and acts 
on the compact metric space of probability measures. Roughly, we will look for some hyperbolicity of the 
push-forward dynamics assuming that it has the specification property. Clearly, if / is a topologically mixing 
subshift of finite type then it satisfies the specification property and so does fp On the other hand, the set 
of /-invariant measures are (non-hyperbolic) fixed points for /j and, consequently, this map does not present 
global hyperbolicity. For that reason we will focus on the fixed poinfs for the continuous map /j acting on the 
compact metric space P{X). Given p € P{X) and e > 0 we define the local stable set W^{p) by 

:= {t]€ LI : dpif^ip), f^{r])) < e for every j > 0 ) 

(the local unstable set W“{p) is defined analogously with above replaced by We say that p € P{X) is a 
hyperbolic fixed point for /j if it is a fixed point and there exists e > 0 and constants C > 0 and 0 < T < 1 so 
that: 

(i) dp{f^{p), < CAJ for every y > 1 and ly £ W^(p) 

(ii) dp(f~'(p), < CAJ for every y > 1 and 77 £ W“(p) 

We say that the hyperbolic fixed point is of saddle type if both stable and unstable sets are non-trivial. Since the 
specification implies the topologically mixing property then we will mostly be interested in hyperbolic fixed 
poinfs of saddle type for fp It follows from the definition that hyperbolic fixed points for /j are isolated. The 
following properties follow from the definitions and Lemma lT2l 

(1) /d is an afhne map, that is, f^^itp -v sp) = t/dCiy) - 1 - sf^^ip) for every t,s>0 with t - 1 - 5 = 1 and 77,/r £ P{X) 

( 2 ) yi is a isolated fixed point for if and only if the set of /-invariant probability measures satisfies 
MfiX) = {/r} (i.e. / is uniquely ergodic), 

(3) MniX) = Y!i=i dx, ■ Xi £ X} c P(X) is a closed /(|-invariant set, and 

(4) lj„>i M„(X) is a dense subset of P(X). 
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Therefore, to analyze the existence of hyperbolic fixed points of saddle type for that satisfies fhe specificafion 
properfy we are reduced fo the case that / is uniquely ergodic. If / is a contraction on a compact metric space 
then Banach’s fixed poinf theorem implies the existence of a unique fixed point that is a global attractor and, 
consequently, the Dirac measure at the attractor is the unique hyperbolic (attractor) fixed poinf for /j, which is 
incompafible with transitivity. However, it is nowadays well known that C*’-generic maps have a dense set of 
periodic points (see e.g. 1261) and, in particular, C*^-generic homeomorphisms / are not uniquely ergodic. In 
conclusion, there is no open set of homeomorphisms / so that /j has a unique hyperbolic fixed poinf of saddle 

type. 


3. Specification properties and the entropy of semigroup actions 

The nofion of enfropy is one of the most important in dynamical systems, either as a topological invariant or 
as a measure of the chaoticity of the dynamical system. For that reason several notions of entropy and topolog¬ 
ical pressure have been introduced for group actions in an attempt to describe its dynamical characteristics. As 
discussed in the introduction, some of the previously introduced definitions take into account the growth rate 
of the (semi)group, that is, the growth of |G„| as n increases (see e.g. Q and references therein). We refer the 
reader to 12^ [161 for a detailed description about growth rates for groups and geometric group theory. In this 
section we characterize entropy points of semigroup actions with specification (Theorem 13.11) and prove that 
these actions have positive topological entropy (Theorems 13.41 and l3. 51) . 

3.1. Entropy points. Let X be a compact metric space and G be a semigroup. First we shall introduce the 
notion of dynamical balls. Given e > 0 and g := ... gi^ € Gn we define the dynamical ball B{x, g, e) by 

Bix, g,£):= B{x, gi^... gi^ g/i, e) 

= (y e X : gix)) < e, for every 0 < y < «} (3.1) 

where, by some abuse of notation, we set g. gij... gj^ gi^ e G„ for every 1 < j < n - I and g^ = id. We also 

assign a metric dg on X by setting 

dg{xi,X 2 ) := dg, „g g {xi,X 2 ) = max d{g .(xi),g .{X 2 )). (3.2) 

— ^ 0< j<n —/ —J 

It is important to notice that here both the dynamical ball and metric are adapted to the underlying concatenation 
of generators gi„ ... gi^ instead of the group element g, since the later one may have distinct representations. For 
notational simplicity we shall use the condensed notations B{x, g, s) and dg{-, •) when no confusion is possible. 
In the case that g - /" the later notions coincide with the usual notion of dynamical ball Bf{x,n,s) and 
dynamical distance dn{-, •) with respect to the dynamical system /, respectively. 

Now, we recall a notion of topological entropy introduced by Ghys, Langevin, Walczak 1(211 and the notion 
of entropy point introduced by Bis 0. Two points x,y in X are (n, E)-separated by G if there exists g e G^ 
such that d(g(x),g(y)) > s. Given E c X, let us denote by s{n,s,E) the maximal cardinality of (n, £)-separated 
set in E. The limit 

h{{G, Gi), E) - lim lim sup - log s{n, s, E) (3.3) 

n—»oo n 

is well defined by monotonicify on e. The entropy of{G, Gi) is defined by the previous expression with E - X. 
This definition depends on the generators of G. In this setting of a semigroup G we define by BQ{x,n,s) \- 
--g/ieGn thfi dynamical ball for the semigroup G associafed fo x, lengfh n and size e centered at 

X, where the intersection is over all concatenations that lead to elements in G„. This corresponds to consider 
points that are e-close along the orbit of x by all the trajectories arising from concatenations of generators. We 
say that the finitely generated semigroup (G,Gi) acting on a compact metric space X admits an entropy point 
xq if for any open neighbourhood U of xq the equality 


/i((G,Gi), G) = /i((G,Gi),X) 
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holds. Entropy points are those for which local neighborhoods reflect the complexity of the entire dynamical 
system. In |S1, Bis proved remarkably that any finitely generated group {G,Gi) acting on a compact metric 
space X admits an entropy point xq. 

In what follows we consider a semigroup action by local homeomorphisms. Recall that for any compact 
metric space X, a continuous self map / : X —> X on is called a local homeomorphism if for any x e M there 
exists an open neighborhood Vx of x so that / |y^: Vx —> f{Vx) is an homeomorphism. We prove that the orbital 
specification property for continuous semigroup actions is enough to prove that all points are entropy points. 
More precisely, 

Theorem 3.1. Let G x X X be a continuous finitely generated semigroup action on a compact Riemanian 
manifold X so that every element g e Gi is a local homeomorphism. If the semigroup action satisfies the weak 
orbital specification property then every point ofX is an entropy point. 

Proof. First we notice that following the proof of l|4j Theorem 2.5] ipsis Uteris we get the existence of an 
entropy point xq €X for any finitely generated semigroup of continuous maps on X (the proof does not require 
invertibility). Hence, for any open neighborhood U of xq it holds that h{{G,G\),X) = h{{G,G\), U). Let ^ > 0 
be arbitrary and take sq = > 0 such that 

lim sup - log s{n, s, U) > h{{G, Gi),X) - ^ 

n—^oo ^ 

for every 0 < e < eo- 

Given any z € X and V any open neighborhood of z we claim that h{{G,G\), V) = h{{G, Gi), X). Fix 0 < e < 
eq let p{e) > 1 be given by the strong orbital specification property. Since there are finitely many elements in 
Gp(s), finitely many of its concatenations and the local inverse branches of elements g : X ^ X are uniformly 
continuous there exists a uniform constant > 0 (that tends to zero as s ^ 0) so that diam(^“^(B(y, £))) < Ce 
for every h e Gp(s) and y e X. Take n > 1 arbitrary, let E = (xi, ..., x/} c G be a maximal {n, e, G)-separated 
set and consider the open set IT c F defined by the set of points y e F so that d(y,dV) > Cgg. Assume that 
0 < e £0 satisfies £ + Cg < Cg^. 

Let g := gi^ ■■■gii e G„ be fixed. Given a maximal (£, IF)-separated set F = {zi,...,Zm}, by the weak 
specification property there exists h = ... h^ e ^*p(s.) ^bat for any x,- £ E and zj £ F, there exists 

y^ e B{zj,j) n hr^{B{xi,g,j)). Since diam(^“'(B(x/, |))) < C|, this implies that d{lE^{B{xi,g,j)),dV) > 
CgQ - I - C| >0, provided that e £o. Thus 

lf\BG{xi,n, |)) c h~\B{xi,g, |)) c F for every i. 

By construction, the dynamical balls {BG{xi,n, |))i=i.../ are pairwise disjoint and consequently the number of 
{n + p(|), |)-separated points in F is at least s{n,E, U). In other words, s{n + p(f), f, F) > s{n,E, U) and, 
consequently, 

1 (e\ s _ 1 _ 

lim sup- — log s{n + pi> lim sup-— log s{n, e, U) 

n-ioo fi + pijj ^ + 

= lim sup - log s{n, e, U). 

n-~^oo ^ 

The last inequalities show that h{{G,G\),X) > h{{G,G\), V) > h{{G,G\),X) - Since ^ was chosen arbitrary 
this completes the proof of the theorem. □ 

The previous result indicates that the specification properties are powerfull tools to prove the local complex¬ 
ity of semigroup actions. Observe that the previous result clearly applies for individual transformations. 

We now use the notion of topological entropy introduced in IfTTl . which measures the mean cardinality of 
separated points among possible trajectories generated by the semigroup. Although one can expect that most 
finitely generated semigroups are free and so to have exponential growth (c.f. proof of Proposition 4.5 by 
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Ghys Ell implying that for a Baire generic set of pairs of homeomorphisms the generated group is a free group 
on two elements) the notion of average entropy that we consider seems suitable for wider range of semigroups. 

Let E c X be a compact set. Given g - .. .g,j € Gn, we say a set X c £" is {g,n, E)-separated set if 

dg{x\,X 2 ) > e for any distinct X\,X 2 £ K. When no confusion is possible with the notation for the concate¬ 
nation of semigroup elements, the maximum cardinality of a {g, e, ?i)-separated sets of X will be denoted by 
s{g, n, E, e). We now recall the notion of topological entropy introduced by Bufetov lOdl . 


Definition 3.2. Given a compact set £" c X, we define 

htop{{G,Gi),E) ^ limlimsup -logZ„((G,Gi),£',£), 

£—>0 n—^oo ^ 


(3.4) 


where 


Z„{{G,Gi),E,£) = ^ V s{g,n,E,s), 
m" - 


geG- 


(3.5) 


where the sum is taken over all concatenation g of u-elements of Gi \ {id} and m - |Gi \ {id}\. The topological 
entropy htopUG, Gi),X) is defined for E - X. 


In fhe case fhaf E - X, for simplicify reasons, we shall use simply fhe nofafions s{g, n, e) and Z„((G, Gi), e). If 
is easy fo check fhaf htopUG, Gi), X) < /i((G, Gi), X). Moreover, fhis notion of topological enfropy corresponds 
fo fhe exponenfial growfh rale of fhe average cardinalily of maximal separaled sefs by individual dynamical 
systems g. This average is laken over elemenls fhaf are, roughly, in fhe “ball of radius n in fhe semigroup 
G”, corresponding fo G„. Nofice fhaf for any finite semigroup G, every elemenf g £ G has finite order. In 
fhis special case, we nofice fhaf every continuous map in fhe generated semigroup action has zero topological 
enfropy, which is also coherenf wilh fhe definition of enfropy presented in (13.31) . 

In fhis conlexf, and similarly fo before, we say fhaf x e X is an entropy point if for any neighborhood U of 
X one has htopUG, Gi), U) - htop{{G,G\),X). Our nexf fheorem asserfs fhaf, under fhe (crucial) slrong orbilal 
specificalion properly all poinls are also enfropy poinfs for fhis nolion of enfropy. More precisely. 

Theorem 3.3. Let G x X ^ X be a continuous finitely generated semigroup action on a compact Riemanian 
manifold X so that every element g £ Gi is a local homeomorphism. If the semigroup action satisfies the strong 
orbital specification then every point is an entropy point. 

Proof Given any poinl z € X and V any open neighborhood of z we claim thal htopUG, Gi),V) = htopUG, G\), X) 
Lei ^ > 0 be arbilrary and fake sq = £o(0 > 0 such fhaf 

lim sup - log s(n, e, U) > h{{G, Gi), X) - ^ 

n—^oo 

for every 0 < e < eo- Lef p(e) > 1 be given by fhe slrong orbilal specificalion properly. Since Ihere are 
finilely many elemenls in Gp(£), finilely many of ils concalenalions and fhe local inverse branches of elemenls 
g : X —> X are uniformly continuous Ihere exisls a uniform conslanf > 0 (fhaf tends fo zero as e —> 0) so 

fhaf Ai&m(hr^{B{y, s))) < Cg for every h £ Gp(s) and y e X. 

Fix h = ... hi^ e G*^(^sy Take n > 1 and g g,-„... g,-, G G„ arbilrary, lef E = {xi,..., x;) c X be a 

maximal (g, n, e)-separated sel and consider fhe open sef W c F defined by fhe sef of poinls y G F so fhaf 

d(y,dV) > Cgg. Given a maximal (e, IF)-separated sef E = {zi,...,Zm}> by fhe specificalion properly, for any 
Xi G E and zy £ E Ihere exisls 

y\ ^ |))- 

Similarly as before we deduce lhal /i“'(B(x,, g, |)) c F for every i. By conslruclion, Ihe dynamical balls 
(B{xi,g, |)),=i.,./ are pairwise disjoinl and Ihe poinls yj are (gh, f, F)-separated. This proves lhal 

g{gh, ^{g, n, X, s) s{id, 0, F, e) > s{g, n, X, s). 


12 


FAGNER B. RODRIGUES AND PAULO VARANDAS 


Since the elements g and h were chosen arbitrary then, summing over all possible concatenations, we deduce 

^ (j) j)] 


geG*+p(f) 


> lim sup-log ( I Y, 


gsc; 


^ lim sup - log V s{g, n, X, e)). 

n~^oo ^ 




The last inequalities show that htopi(G,Gi),X) > htop(SG,G\), V) > htop{{G,Gi),X) - Since both z £ X and 
^ > 0 were chosen arbitrary this completes the proof of the theorem. □ 


3.2. Positive topological entropy. We now prove that orbital specification properties are enough to guarantee 
that the semigroup action has positive topological entropy. 


Theorem 3.4. Let G be a finitely generated semigroup with set of generators Gi and assume that G x X ^ X 
is a continuous semigroup action on a compact metric space X. If G X X X satisfies the strong orbital 
specification property then htop{{G,G\),X) > 0. In consequence, h{{G,G\),X) > 0. 

Proof Since the expression in the right hand side of (13.41) is increasing as e —> 0 then it is enough to prove that 
there exists e > 0 small so that 

1 1 

hm sup - log — > ^ s{g, n, s) > 0. 

geG„ 

Let e > 0 be small and fixed so fhaf fhere are af leasf fwo disfincf 2e-separafed poinfs xi,X 2 £ X. Take p(|) > 1 
given by fhe strong orbital specification property. Taking g ^=8 2 “ ^ ) • ■ • ^^2 ^1 £ ^*p(&) there 

are Xij e B{xi, |), with /, y £ {1,2), such that h{xij) £ B{xj, |). In particular it follows that s{h, p{j), e) > 2^. 

By a similar argument, given g gi^^ ... gi 2 gq £ G„ with n = k.p{^), it can be written as a concatenation of k 
elements in Gp^^y In other words, g - hf^- ■ - h^ with ft. £ Gp(|) and repeating the previous reasoning it follows 
that s{g, n,s)> 2^. Thus, 


lim sup - log Z„((G, Gi), e) > lim sup ^ 

n—*oo ^ k—^00 ^ P\2x 


log 


„/Mf) 




l£l=^p(f) 


> 


1 


Mf) 


log 2 . 


This proves that the entropy is positive and finishes fhe proof of fhe fheorem. 


Lef us observe fhaf in IfTOll fhe aufhor obfained a lower bound for fhe topological enfropy of C'-maps on 
smoofh orienfable manifolds. Here we require confinuify of fhe semigroup acfion and a specificafion property 
(which mosf likely can be weakened) for deducing fhaf topological enfropy is sfricfly posifive. One could expecf 
fhaf fhe weak orbifal specificafion properfy could imply fhe semigroup acfion to have posifive enfropy. In facf 
fhis is fhe case whenever fhe semigroup satisfies additional condifions on fhe growfh rafe which hold e.g. for 
free semigroups. 


Theorem 3.5. Assume that G is a finitely generated semigroup and that the continuous action G x X 
a compact metric space X satisfies the weak orbital specification property with 


X on 


(H) lim sup 

p- 


\Gl\G, 


myp 


< 1 for every 0 < y < 1. 


Then the semigroup action G X X ^ X has positive topological entropy. 
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In Subsection [5] we give some examples of semigroups combining circle expanding maps and rotations that 
satisfies the weak orbital specification property and for which |G* \ Gp\ is finite, hence (H) holds. 

Proof of Theorem U3\ Given e > 0, let p{e) > 1 be given by the specification property. For any p > p{e) let 
Gp c G*p be given by the weak orbital specification property. Take n = kp with p > p(|) and assume that (H) 
holds. 

For any g €G* one can write it as a concatenation of k elements in G*, that is, g - h^.. .h^ with h^ £ G*. If 
this is the case, given 0 < y < 1 we will say that g = hk- ■ - ILi ^ G*is y-acceptable if tJ{0 < j < k ■. hj € Gp] > 
yk. Notice that 

= Gkp ■ g not y-acceptable} 

k 

< 2] «{£ e Gkp : ttlO < 7 < k : h. e Gp\Gp) = Zj. 

I>[yk\ 

In consequence. 


U8 = bLk---h.\ ^ : g not y-acceptable) 


< y «{£ £ G* : «{0 < 7 < k : h £ G;\Gp} = Zj. 
iHyk] 


In consequence. 


t){g £ G^^ : g is not y-acceptable) 


iHyk] 


^ \ iG;yiG;\Gpi' 


m 


,kp 


m 


kp 


< k 


= k 


k 

[yk] 


„/i-r)^P|G*\Gp|^ 


m 


kp 


/ k 

\[rk]jv myp ' ■ 


By assumption (H), given 0 < yo < 1 let 0 < d «; log 2 be small so that lim sup^^^ 
by monotonicity of the later limsup in y, it is clear that 


(3.6) 


^ < 1. Then 


lim sup 

p—>CO 




P' P' ^ - 2 S 


myp 


< < 1 


for every y £ (yo, 1). Up to consider larger y sufficiently close to 1 so that k 
The later implies that 


k 

[yk] 


< for every k large. 


Dig ^Glp- g is not y-acceptable] ^ |g;\G 


m‘ 


kp 


$ e 


p\xk 


V ,„rp / 


^ e 


-6k 


which decreases exponentially fast in k (provided that p is large enough). Moreover, given p » p{^) one can 
proceed as in the proof of the previous theorem and prove that s{g, kp, e) > 2^*^ for any y-admissible g € Gl . 
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Consequently, 


1 


1 


limsup -logZ„((G,Gi),e) > limsup 

n—^oo k—^cxi ^ P\2) 


iTlog(- 


^{g ^Gl^-g is y-acceptable} 


m 




2ric) 


log 2 


P(f) 

r 


k—^oo ^ Pi.2^ 
6 


~ Mf) Mf) 

which is strictly positive, hy the choice of S and y. This proves the theorem. 


□ 


4. Thermodynamics of expansive semigroup actions with specification 

In this section we study thermodynamical properties of positively expansive semigroup actions satisfying 
specification and also semigroups of uniformly expanding maps. First we prove that semigroups of expanding 
maps satisfy the orbital specification properties (Theorems 14. 111 . Then we obtain conditions for the convergence 
of topological pressure (Theorem 14.51) . Finally we prove a strong regularity of the topological pressure function 
(Theorem 14.61) and prove that topological entropy is a lower bound for the exponential growth rate of periodic 
points (Theorem 14.71) . 

4.1. Semigroup of expanding maps and specification. Throughout this subsection we shall assume that X is 
a compact Riemannian manifold. We say that a C'-local diffeomorphism / : M —> M is an expanding map if 
there are constants C > 0 and 0 < T < 1 such that \\{Df\x))~^\\ < CT” for every n > 1 and x €X. 

Theorem 4.1. LetG\ = {gi,g 2 ,... ,gk} be a finite set of expanding maps and let G be the generated semigroup. 
Then G satisfies the strong orbital specification property. 

The following two lemmas will be instrumental in the proof of Theorem 14. II 

Lemma 4.1. Let g\,... ,gk be -expanding maps on the compact manifold X. There exists sq > 0 so that 
g{B{x, g, e)) = B{g{x), s)for any 0 < e < eo. any x e X and any g €G. 

Proof. Let di = deg(g,) be the degree of the map g,. Since gi is a local diffeomorphism fhere exisfs d > 0 
(depending on g,) so fhaf for every x € X seffing g~^{x) - {x,j,..., Xi^df there are d, well defined inverse 
branches g7j : B{x,6) Vxjj onfo an open neighborhood of Xjj. Since fhere are finifely many maps g, 
fhere exists a uniform constant do > 0 so that all inverse branches for g, are defined in balls of radius do. 
Furfhermore, since all g, are uniformly expanding all inverse branches are T-confracfing for some uniform 
0 < T < 1, meaning fhaf d{ g~^(y),gjjiz) ) < Ad(y,z) for any x € X, any y,z € B(x,do) and / = 1.. .^. In 
particular g7|(B(x, do)) c S(x, ;,do) and so 

l,J ■>J 

Vxij ={y €X : d(y,Xij) < So&d{gi(y),giixtj)) < do) ^ Bgfxij, l,do). 

Using fhis argumenf recursively, every g. = g,-^.... g,-^ g,, G Gj is a confracfion and we gef fhaf fhe dynamical 
ball B(x,g,6) = r]’j=og~^iBig .ix),6)) (for 0 < d < do) is mapped diffeomoiphically by g onfo B(g(x),d), 
proving fhe lemma. □ 

Lemma 4.2. Let gi,... ,gyt be -expanding maps on the compact manifold X. For any e > 0 there exists 
N = N(e) eN so that g^(B(x, e)) = Xfor every x e X and every g^ e G^. 

Proof. There exisfs a uniform 0 < T < 1 so fhaf all inverse branches for gi are T-confracfing for any i. Fix 
d > 0. Using fhe compacfness of X if is enough fo prove fhaf for any x € X fhere exisfs 77 > 1 so fhaf 
g^{B{x,6)) = X for every g^ £ G*^. Take N - N{5) > 1 be large and such fhaf 4^(1 -F diamX) < d. Lef 
g^ e G*^ be arbifrary and assume, by confradicfion, fhaf g^(B{x, d)) X. Then fhere exisfs a curve y^v wifh 
diamefer af mosf diamX -F 1 connecfing fhe poinfs x and y e X \ g^(B(x,d)). Consider a covering of y^ by 
balls of radius d and consider y fhe image of y^ by fhe inverse branches, such fhaf y connecfs x fo some poinf 
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z i. B{x, 6) so that g^{z) - y- Using that y ^ 5)) one gets that z ^ B{x, 5). Since is a /l^-contraction 

then 6 < d{x,z) < length('y) < /l^(l + diamX) < 6, which is a contradiction. Thus the lemma follows. □ 


Proof of Theorem WT\ The proof of the theorem follows from the previous lemmas. In fact, let £ > 0 be fixed 
and consider xi,X 2 ,..., Xi € X, natural numbers ?ii,?l 2 ^ ■■■>and group elements g , = gi„.j ■ ■ ■ g^jgiij ^ 

Gnj (7 - 1 • • • k). By Lemma R~n there exists sq such that for s < eo 


g (B(xj,g ,£))^B(g (x^),e), VI < 7 < L 

—flj —rij —flj 

We may assume without loss of generality that 6 < eq. Let p{6) = N(6) be given by Lemma 14.21 Given 
Pi,...,Pk > p{s), for e G*. we have that h^^{B{g {xi),5)) - X. It implies that given xu £ B{xk,g ,6), 

Pj ‘ J P^ 

one has Xk = h (xk-\), with Xk-i e B{g ixk-i,E)), and then Xk = g h ixk-i), for some Xk-i e 

—Pk-\ —tlk-l 

B{xk-\, g , e). By induction, there exists x e B(xi ,g ,e), such that 

—«t-l —ni 


s h 


s hp.g , W 


e Bixj,g .,e) 
-C J 


for every j - 2 .. .k and f - I... nj. This completes the proof of the theorem. 


□ 


For completeness, let us mention that the results in this subsection hold also for general topologically mixing 
distance expanding maps on compact metric spaces (X, d). Recall / is a distance expanding map if there are 
d > 0 and 0 < T < 1 so that d{f{x),f(y)) > A~^d(x,y) for every d{x,y) < 5. Our motivation to focus on 
smooth maps comes from the fact free semigroups can be constructed and shown to be robust in this context 
(c.f. Section [5ll. 


4.2. Convergence and regularity of entropy and the pressure function. In what follows we shall introduce 
a notion of topological pressure. For notational simplicity, given g £ G„ and [/ c X we will use the notation 

S^^{x) ^ (fiigix)) and S^(p{U) = sup^^u S^ip{x). 


Definition 4.2. For any continuous observable tp e C(X) we define the topological pressure of {G,G\) with 
respect to tp by 

Ptop{{G,Gi),(p,X) — limlimsup-logZ„((G,Gi),^,e), (4.1) 

e—>0 n—*oo 


where 


Z„((G,Gi),^,e) 



(4.2) 


and the supremum is taken over all sets E - Eg^n,s that are {g, n, e)-separated. 


Observe that in the case that G has only one generator / then |G„| = |{/"}| = 1 and Ptop{iG,G\), ip) coincides 
with the classical pressure /’top(/> P>)- The case that the potential is constant to zero corresponds to the notion of 
topological entropy introduced in Definition 13. 2 1 We proceed to prove that the topological pressure of expansive 
semigroup actions with the specification property can be computed as a limit. For that purpose we provide an 
alternative formula to compute the topological pressure using open covers. Given £ > 0, n £ N and g £ G„, 
we say that an open cover V/ of X is an (g, n, £)-cover if any open set U £ Vf has dg-diameter smaller than e, 
where dg is the metric introduced in (13.21) . Let cov{g, n, e) be the minimum cardinality of a (g, n, £)-cover of X. 
To obtain a characterization of the topological pressure using open covers of the space we need the continuous 
potential to satisfy a regularity condition. Given £ > 0 and g := gi^ ... g,j £ G we define the variation of Sgtp in 
dynamical balls of radius £ by 

Var^{(p, e) = sup \S^(p{x) - S^(p(y)\. 

We say that ip has bounded distortion property (in dynamical balls of radius e) if there exists C > 0 so that 


sup sup Varg{(p, e) < C. 

geG xeX 
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For short we denote by BD{e) the space of continuous potentials that have bounded distortion in dynamical 
balls of radius e and we say that tp has bounded distortion property if there exists e > 0 so that ip has bounded 
distortion on dynamical balls of radius e. In what follows we prove that Holder potentials have bounded 
distortion for semigroups of expanding maps. 

Lemma 4.3. Let G be a finitely generated semigroup of expanding maps on a compact metric space X with 
generators G\ = {gi,...,g,n)- Then any Holder continuous observable ^ : M —> R. satisfies the bounded 
distortion property. 


Proof. Let do > 0 and 0 < d < 1 be chosen as in the proof of the previous lemma and assume that tp is 
a)-Hdlder. Given any 0 < e < do/2, any g - gi^^ .. £ G„ and x,y € X with dg{x,y) < s. 


71-1 


77—1 


71-1 


\Sgip{x) - 5g(,f>(y)| = I ^ ^(£.(x)) - ^ Cy))l ^ ^ \<p{gix)) - ^(£.Cv))l 


r=0 

n-1 


r =0 /=0 

n-\ 


yKd{gix),g.(y)r < ix),g (y)r 

—I —I —71 —71 


1=0 

K „ 

<-e". 

“ 1 - d" 


i=0 


This proves the lemma. 


□ 


Proposition 4.1. Let (p : X ^ M. be a continuous map satisfying the bounded distortion condition. Then the 
topological pressure PtopiiG, Gi), ip, X) with respect to the potential ip satisfies 


{ 


\ 


PtopiiG, Gi), ip, X) ^ lim lim sup - log 

S >0 fi —)C0 


— y inf y 

m" ti /ffi, 

geG„ U e'U 


where the infimum is taken over all open covers 1L ofX such that IT is a ig, n, s)-open cover. 

Proof. Although the proof of this proposition follows a classical argument we include it here for completeness. 
Take e > 0, n £ N and g £ G„. To simplify the notation we denote 


CniiG,G,),ip,s) - y inf y 

m" U 


vm 


m" ^ or 

gee; Uetl 


where the infimum are taken over all ig, n, e)-open covers and let Z„((G, Gi), ip, s) be given by equation (14.21) . 
Given a (g, n, e)-maximal separated set E it follows that LI - {Bix,g,s)]x(iE is a (g, n, 2e)-open cover. By the 
bounded distortion assumption, S gipiBix, g, e)) = ^WzeBix g e) ^ g‘Piz) - ^ gTi^) + C for some constant C > 0, 
depending only on s. Consequently, 


lim sup - log C„iiG, G\),ip, Is) < lim sup - log ZniiG, G\), ip, s). (4.3) 

n—^oo 71—>00 

On the other hand, if 'll is (g, n, e)-open cover, for any (g, n, e)-separated set £ c A we have that ‘^E < ^Ll, 
since the diameter of any U e'U in the metric dg is less than e. By the bounded distortion condition we get that 

lim sup - logZ„((G,Gi),^, £) < lim sup - log C„((G, Gi), e). 

71—400 ^ 71—400 ^ 

Now, combining equations (14.31) and (14.41) we get that 


(4.4) 
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limsup -logZ„((G,Gi),^,e) < limsup -logC„((G,Gi),(/;,£) 

n-~^oo ^ /?—»oo ^ 

1 £ 

< hm sup - logZ„((G, Gi), ip, -) 

n—^oo fT' ^ 

and then the result follows. 


(4.5) 


□ 


In the next lemma we provide a condition under which the topological pressure can be computed as a limit. 
Proposition 4.2. Let ip \X ^'Khe a continuous potential. Given e > 0, the limit superior 


limsupilog(^ Z Z 


'm" tt 

gee; Vc'U 


is indeed a limit. 


Proof. Since p is continuous then it is bounded from below. Assume without loss of generality that p is 
non-negative, otherwise we just consider a translation p + C since it will affect the lim sup by a translation 
of C. Given £ > 0, recall that the infimum is taken over all (g, n, £)-open covers LI of X. For any element 

S = hk ^ ^*t+n ^ £ G*, and any (h, n, £)-cover K and (k, £, £)-cover 'V then 'W := iG^iLl) V "y is 

a (g, ^ -I- n, £)-cover, and 

(Z 

Welr'itDv'V ye'V Uetl 

W=k-^iU)nV 






pSMU)'^ 


Z 


jSMW) 


< 


Taking the infimum over the open covers '1/ and 'V we deduce that 

JSMW) 


inf 

TV 


iz«'vn^infiZ‘“‘''''’i“iz g’SHip(U))^_ 


We'W Ve^ Uett 

where the first infimum can be taken over all (g, m + n, £)-open covers 'W. Summing over every elements 
g^hke 


2 inf j 2] < ( 2] inf 2] 2] i^ Z 

\g\=e+n WeW \k\=C Ve'V \h\=n ^ Ueti 


Thus, the sequence of real numbers (an)nm given by 

a„ = log(2]mf{ Z 

g€G‘ We'W 


is subaditive and {a„/n}„^^ is convergent. Since the term f log ^ is clearly constant this completes the proof 
of the proposition. □ 


From the previous results, the topological pressure can be computed as the limiting complexity of the group 
action as the size scale s approaches zero. In what follows we will be mostly interested in providing conditions 
for the topological pressure of group actions to be computed as a limit at a definite size scale. Let us introduce 
the necessary notions. Let X be a compact metric space and G x X —> X be a continuous action associated to 
the finitely generated semigroup (G, Gi). 

Definition 4.3. Given d* > 0, the semigroup action G x X ^ X is 5*-expansive if for every x,y € X there exists 
k > 1 and g ^Gk such that d{g{x), g(y)) > 6*. The semigroup action G x X ^ X is strongly 6*-expansive if for 
any y > 0 and any x,y e X with d(x,y) > y there exists k > 1 (depending on y) such that dg{x,y) > 6* for all 
g^Gl. 
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Remark 4.4. By compactness of the phase space X, a continuous action is strongly 6*-expansive satisfies the 
following equivalent formulation: given y > 0 and x,y e X with d(x,y) > y there exists ^ 1 (depending on 
y) such that dg{x,y) > 5* for all g ^ and k > k^. 

In what follows we prove that the topological entropy of expansive semigroup actions can be computed as 
the topological complexity that is observable at a definite scale. More precisely, 


Theorem 4.5. Assume the continuous action of G on the compact metric space X is strongly 5*-expansive. 
Then, for every continuous potential (p : X ^ M. satisfying the bounded distortion condition and every 0 < e < 
d* 


P{(p) — Ptop{iG,Gi),(p,X) = limsup - log 

n-~*oo fT' 


( 


\ 


1 


££G,* xeE 


where the supremum is taken over all {g, n, s)-separated sets E <zX. 


We just observe, before the proof, that in view of the previous characterization given in Proposition 14. 1 1 the 
same result as above also holds if we consider open covers instead of separated sets. 


Proof of Theorem l?31 Since X is compact and ^ : X —> R is continuous we assume, without loss of generality, 
that ip is non negative. Fix y and e with 0 < y < £ < d*. We want to show that 

limsup - \ogZ„{{G,G\),ip,y) < limsup - logZ„((G,Gi),^,£). 

n—*oo ^ n-~^oo ^ 

The other inequality is clear. By strong d*-expansiveness and Remark l 4 ~ 4 l for any two distinct points x,y e X 
with d{x,y) > y there exists ko > 1 (depending on y) so that dg{x,y) > d* > e for any g ^ G^ and k > ko. Take 
n > ko and g € arbitrary and write g = hfhi with h^ e'G* and h^ e G^. Given any (/ii,n,y)-separated 
set E we claim that the set E is {g, n + k, e)-separated. In fact, given x,y e E there exists a decomposition 
h-i - hi 2-1 \ ^ SO that d{h^ fx),h^ ,(y)) > y. Using that ^2^1 2 ^ Remark l 4 ~ 4 l it follows that 

dg{x,y) > itv)) > ® proving the claim. Now, using that ip is non-negative, 

_ gSh^yih^(x))h^ip{x) ^ ^Sh^tf{x) 


which implies that Z„{{G, Gi),ip,y) < m^Z„{(G, Gi),ip, s) because 

Z„((G,Gi),^,y)=Z Z supVc^^i^W 


If!, I=« 


xeE 


< ■ 


m 


n+k 


^ 2] sup2]cVW=m*^Z„+,((G,Gi),^,£). 


m“' ■' ■“ . E 

geGn+k ^ xeE 


Thus it follows that 


limsup - logZ„((G,Gi),^,y) < limsup- -logZn+k{{G,Gi),(p,e), 

n—>oo n n —^00 n -h k 

as we wanted to prove. This completes the proof of the theorem. 


□ 


Some comments on our assumptions are in order. It is clear that if some generator for the group is an 
expansive map then the group is itself expansive. Clearly, expanding maps are expansive. Moreover, the 
semigroup G generated by Gi = that admits some expansive generator is clearly expansive. In 

Lemma 03] below we prove that semigroups of expanding maps are strongly expansive semigroups. 

Lemma 4.4. Let G be a finitely generated semigroup of expanding maps on a compact metric space X with 
generators Gi. Then there exists S* > 0 so that G is strongly 5*-expansive. 
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Proof. Let G\ = {gi, gm\ be the set of generators of G. Following the proof of Lemma |47T] there are uniform 
constants Sq > 0 and 0 < d < 1 so that all inverse branches g”! for gi are defined in balls of radius do and 

di 8'i](y)^8'i]{z) ) < Ad(y,z). for any x € X, any y,z € B{x,So) and i = \ Take d* = do/2. Given 

y > 0 take k > \ (depending on y) so that d^d* < y. We claim that for any x,y e X with d{x,y) > y and 
g eG^we have dg(x,y) > 6*. Assume, by contradiction, that there exists g = g 4 ---gi| £ G*^. with d{g{x),g(y)) < 
d^x,y) < 6*. Then d{gi....gifx),gi....gify)) < A^~^d{gi,...gifx),gi^...gify)) for every 1 < y < k and so 
d{x,y) < A^d{g{x),g{y)) < y, which is a contradiction. This finishes the proof of the lemma. □ 


Theorem 4.6. Let G be a finitely generated semigroup with generators Gi. If the semigroup action induced by 
G on the compact metric space X is strongly 6*-expansive and the potentials i/^ : X —> R are continuous and 
satisfy the bounded distortion property then 

(1) PtopiiG, Gi), (p-vc,X) = P,opi(G,Gi), ip, X) + cfor every c e R 

(2) \Prop{(G,Gi),p>,X) - PtopiiG,Gi),fi,X)\ < \\ip - fi\\, and 

(3) the pressure function 1 1 —> PtopiiG, Gi), tip,X) is an uniform limit of differentiable maps. 

Moreover, 1 1 -> PtopiiG, Gi),t(p,X) is differentiable Lebesgue-almost everywhere. 


Proof. We start by observing that property (1) follows directly from the definition of the topological pressure. 
By hypothesis let so > 0 be so that (p,if/ & BDiso). On the one hand, by Theorem l4.5[ together with equation (14.51) 
it follows that for any 0 < e < d*. 


Pi(p) := PtopiiG, Gi), tip, X) = lim sup - log 


y inf y, 

geGt, UcrU 


,tSgif(U) 


where the infimum is taken over all (g, n, e)-open covers TY. On the other hand, by Proposition 14.21 the right 
hand side above is actually a true limit. Thus, for any t € R we have that 


PtopiiG,Gi),tip,X) 


= lim - log 

n—^oo fi 


- y inf y 

^ geG' u&u 


(4.6) 


where the infimum is taken over all (g, n, e)-covers LI for any 0 < e < min{d*,eo)- It means that the map 
1Ptop((G, Gi), tip, X) is a pointwise limit of real analytic functions. We claim that the convergence is indeed 
uniform. To prove this we will prove that the sequence of real functions (Pn(f^))n>i defined by 

t Pnitip) := - log C„((G, Gi), tip, s) 
n 


where 


C„iiG,G,),tip,E) = -^y inf y d 


tSg<piU) 


m" ' tt 

geG- t/e'W 


is equicontinuous in compacf intervals, i.e., given e > 0 there exists d > 0 such that if \t\ - t 2 \ < d then 
\Pnitw) - Pnih^)\ < £> for every n e N. Let e > 0 be fixed and fake 0 < d < e/||^||. Given ti,t 2 arbitrary with 
|ti - t 2 l < d it holds that 


IPniLip) - Pnii2<P)l = - log 
n 


< - log 
n 




I^geG- inft/ {z 


tiSgif(U) 
Uett<^ - 


tiSgViU) 

- 




= d||(,p|| < £. 
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Hence the sequence is equicontinuous. Since {Pnitip))n€n converges pointwise, we have that the sequence con¬ 
verges uniformly on compact intervals and so t i-> Pio^{{G,G\),t(p,X) is a continuous function. Furthermore, 
for any n e N the function 1 1 -> Pni^p + tip) is dilferentiable and 


dPniif + tifj) 


dt 


1 




C„{{G,G\),t(fi,s)n^nP 




1 ) 


t/e-W 


is bounded from above by Ill/'ll (here the infimum is taken over all (g, n, e)-covers '1/ as in (I4.6I) 1. This proves 
property (3). Moreover, by the mean value inequality 

dP„{(p -F t((A - ip)) 


\Pn{p) - Pn{ip)\ < sup 

0<f<l 


dt 


< 11^-(All- 


Taking n ^ CX3 we get that \P^o^{{G,Gi),p,X) - Ptop((G, Gi), (A,3f)| < ||^ - ip\\ and so the pressure func¬ 
tion Ptop((G, Gi), ■,X) acting on the space of potentials with bounded distortion is Lipschitz continuous with 
Lipschitz constant equal to one. This proves property (2). The later implies that t i-» Ptop((G, Gi),t(/J,X) is 
Lebesgue-almost everywhere differentiable, which concludes the proof of the theorem. □ 


4.3. Topological entropy and growth rate of periodic points. In the remaining of this section we prove 
that the topological entropy is a lower bound for the exponential growth rate of periodic points for semigroup 
of expanding maps. Clearly the theorems of the previous section apply to the topological entropy since it 
corresponds to the constant to zero potential. 


Theorem 4.7. Let G be the semigroup generated by a set Gi = {gi,... ,gk\ of uniformly expanding maps on a 
Riemannian manifold X. Then: 

(a) G satisfies the periodic orbital specification property, 

(b) periodic points Per{G) are dense in X, and 

(c) the mean growth of periodic points is bounded from below as 

0 < htop{{G,G]),X) < limsup - log V '^Fix{g)). 

n—^oo ^ 

g^Gn 


Proof Take n > 1 arbitrary and fixed. It follows from Lemmas |4. 1 1 and W2\ that there exists eo > 0 satisfying: 
for any 0 < e < sq there exists a uniform N{e) > 1 so that for any x e X, any g € G„ and g e G^ with 
N > N{£) it holds 


£^(£^(5(x,g,e))) ^ X. 

Consider e > 0, xi, X 2 ,..., xt ^ X, natural numbers n\,n 2 ,...,nk and group elements g , = gi^^_j .. .gi^jgii,/ e 

Gnj U = 1... A) be given and let us prove that G satisfies the periodic orbital specification property, that is, there 
exists a periodic orbit shadowing the previously defined pieces of orbit. For that let us define x^+i = x\ and 

By the proof of Theorem 14.11 there exists p{6) > 1 so that for any p\,.. .,pk > p{s), for € G*j. we 
have that hp {B{g (x,), 6)) = X. Hence, there is a well defined inverse branch (which we denote by g^^£~' for 


—Hi ~Pi 


simplicity) so that 


^^h.pl(B(Xi+l’SnM,E)) C B(Xi,gn,,E) 


and^^hp^ is a contraction. Since, B(x^+i,g„,_^|,e) ^ B(xi,g„j,e), 


g ^h ] ... g J {B(xk+i , gnt^i, £)) c B(xi , g„i , e) 

—ni Pi — P^ 


and the composition g ^h^^ .. .g ^h^^ is a uniform contraction, then there exists a unique repelling fixed point 
for h g ... h g in the dynamical ball B{x\,gn, , e). By construction, the fixed point for /i g ... h g 

—Pk^ftf —Pi—ni ^ —Pk^fiii —Pi—ni 

shadows the specified pieces of orbits. This proves that G satisfies the periodic orbital specification property in 
(a). Clearly (b) is a consequence of the first claim (a). 
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Now, take g ^ G* and observe that for any maximal {g, n, 2e)-separated set E, the dynamical balls {B{x, g, e) : 
X € E\ form a pairwise disjoint collection. Let p{s) be given by the previous periodic orbital specification 
property. For any arbitrary k € one can write k - g fox g e G* and e ^*p(ey Notice that, 

proceeding as before, 

k{B{x,g,6)) = hp{g{x),6))^X 

for every x e E and so there is a unique fixed point for k on the dynamical ball B{x, g, 6). This yields Fixfk) > tJF 
and so 


^ tlFix® ^ ^ ^ ^ s{g,n, 26 ). 

\k\=n+p(E) \g\=n |g|=fi 


Therefore, 


lim sup - log ^ (jFix(k)^ = lim sup 

n—^oo ^ “ M—>oo 


\k\=n 


- lim sup 

>00 


\k\=n+p(E) 

“ log Yj ttFix®) 

|i|=«+p(£) 


l£l=n 

Taking £ ^ 0 in the left hand side the previous inequality and recalling Theorem l3.4l this proves (c) and finishes 
the proof of the theorem. □ 


> lim sup - log 

71—>CO 


Some comments are in order. Firstly it is not hard to check that an analogous result holds for the notion of 
entropy h{{G, Gi), X), leading to 

/i((G, Gi), X) < lim sup - log ttFer(G„). 

71—^00 

Secondly, since any expanding map satisfies fhe periodic specification property then periodic measures are 
dense in the space of invariant probability measures (see e.g. iflTl Proposition 21.8]). Hence, given a finitely 
generated semigroup of expanding maps G it is clear that whenever the set Af(G) of probability measures 
invariant by every element g e G is non-empty then the set of periodic measures 

1 

'PperiG) - U U b Z ^ ^ 

n>l geG„ j=0 

is dense in the set of probability measures A1(G). Finally, weighted versions of the previous theorem for 
potentials with bounded distortion are also very likely to hold. 


5. Applications 


In this section we provide some classes of examples of semigroup actions that combine hyperbolicity and 
specification properties. We also provide some examples for which while we compare the notions of topological 
entropy used here with some others previously introduced and available in the literature, and discuss the relation 
between entropy, periodic points and specification properties. 

The following example illustrates that in the notion of specification some ‘linear independence condition’ on 
the set of generators must be assumed in order to obtain that the group has the specification property. 


Example 5.1. Consider the integer valued matrix 

A - 


2 1 
1 1 


(5.1) 
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which induces a linear (topologically mixing) Anosov /a on = R^/Z^ that satisfies the specification property. 
Hence, the Z action Z x given hy {n, x) i-> f^{x) satisfies fhe specification properfy. 

Now, fake B = € S L(2, Z) which also induces a linear Anosov fs on fhe forus and safisfies fhe specifi- 

cafion properly. Nevertheless, fhe Z^-aclion Z^ X given hy ((m, n), x) i-> f^^ifgix)) - /“ clearly 

does nol salisfy fhe specificafion properly because every elemenl in fhe (unbounded) subgroup {{2n,n) : n € 
Z} c Z^ induces fhe identify map. This indicates lhal generalors should be laken in an irreducible way, lhal is, 
lhal Ihere are ni, ..., eZ, nof all simullaneously zero so lhal g”’ = Ido- 

The nexf modification of fhe previous example illuslrales lhal fhe irreducibilify of fhe generalors in fhe sense 
lhal Iwo generalors A and B satisfy A'”S" Id for all m, n £ Z nol simullaneously zero is nol Ihe unique 
obslruclion. 


Example 5.2. Lei A, B be Ihe Iwo malrices in S L(4, Z) given by 

A-|^ and where ]Jg5L(2,Z), 


I 2 £ Af 2 x 2 (^) denotes Ihe identify malrix and 0 e Al 2 x 2 (Z) is Ihe null malrix. If is nol difficull lo see lhal A and 
B are hyperbolic malrices (hence Ihe diffeomorphisms induced by A and B salisfy Ihe specification properly), 
Ihese commute bul B A™ for all m G Z. Consider Ihe Z^-aclion T : Z^ x ^ of Z^ on Ihe torus 
defined by {{m, n), x) A’”B’\x). Since Ihe elemenl 


A-^B = 


h 0 \ 
h h I 


does nol satisfy Ihe specification property one can deduce from Lemma 12.11 lhal Ihis group action does nol 
salisfy Ihe specification properly. Similarly, il is nol hard to check lhal Ihis group action does nol satisfy neilher 
of Ihe orbilal specification properties. 


Il follows from Ihe discussion on Ihe previous section lhal -robust specification property implies that the 
corresponding generators are uniformly hyperbolic and, in particular, the action is structurally stable. Our 
twofold purpose in the next example is: (i) to exhibit broad families of non-hyperbolic smooth maps that 
satisfy orbital specification properties although generators do not necessarily have the specification property; 
(ii) present examples where the weak orbital specification property holds while the strong orbital property does 
not. 


Example 5.3. Let / : ^ be a C'-expanding map of the circle and /?q. : S' ^ S' be the rotation of angle 

a. Let G be the semigroup generated by Gi = {id, /,/?«}. This example can be modified for the semigroup G to 
be free (e.g. by taking a irrational rotation and an expanding map with trivial centralizer c.f. discussion in the 
Example [531). 

Claim 1: The action induced by the semigroup G on the unit circle S' does not satisfy the strong orbital 
specification property. 

Proof of Claim 1. Take e > 0 and x\,i^ X 2 in the circle, ni = n 2 = n> I and the maps g = /"* and g = /”L 

—n\ —«2 

For any p > \ take hp = Ra- Rap the rotation of angle ap. If n is large then the dynamical balls Bf{x\,n\,e) 
and By(x 2 , « 2 > e) are disjoint and small. In particular, there exists p > 1 ^,oi\\athp{B f{x\,n\,s))CBf{x 2 ,n 2 ,s) = 
0. In particular the semigoup action G on S' does not satisfy the strong specification orbital property. □ 


Claim 2: The action induced by the semigroup G on the unit circle S' satisfies the weak orbital specification 
property. 

Proof of Claim 2. Since / is C'-expanding, by the proof of Lemma l4Al there exists £0 > 0 so that for any 
0 < e < £o> any x e A and any n e N it follows that f'\Bf{x,n,e)) - B{f\x),s). Moreover, there exists 
N = N{e) > 1 so that any ball of radius s is mapped onto S' by We can now prove the claim. Given 
e > 0 take p{s) = N{s) > 1. For any p > p(e) let Gp c G* denote the set of elements e G*p for 
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which the following holds: given arbitrary points xi,.. .,Xk £ X, any positive integers ni,... ,nk > 1, any 
elements g , = j .. ■gi 2 ,jghj £ Gn and any elements hp. € Gp. with pj > p{5) there exists x e X so that 

d{g^ j W , g^ j(xi)) < e for every f = 1... ni and 

^ ^ 

for every j - 2 .. .k and £ = I.. .ni. We claim that lim„_,+oo |Gn|/|G*I = 1. We notice that g (B(x,g ,£)) = 

^ -HjJ -njJ 

B(g (x), e) is a ball of radius e for any 1 < j < k. So, if the expanding map is / is combined at least p(e) 

times in any way in the words we get hp{B{y,e)) = for any y which clearly implies that € Gp. Thus 

for any p > p{6) 

G*p\Gp<z [hp = hi^ ... hi^hi^ £ Gp : tt{l < y < p : /i,-. = f] < p(e)}. 

Clearly, for any 0 < y < 1 

IG* \ G I PiS)-l 

Z ( n ^ P(^) 2-"" ^ 0 (5.2) 

k=a 

as p tends to infinity, which proves our claim. □ 

Since the assumption (H) in Theorem l3.5l is a direct consequence of the previous equation (15.21) then we deduce 
that this semigroup action has positive topological entropy. 

Clearly we can modify the previous strategy to deal with semigroups with more generators or non-expanding 
maps. Our next result illustrates that no generator of a semigroup need to have uniform expansion for the 
semigroup to have weak orbital specification. We illustrate this fact with the following example. 


Example 5.4. For any /? > 0, consider the interval map fp : [0,1] —> [0,1] given by 

' x{,\ + {lxf) ,ifx£[ 0 , 2 ] 


fp{X) = 


2 x - 1 


,ifxe ( 2 , 1 ] 


also known as Maneville-Pomeau map. Although fp is not continuous it induces a continuous and topolog¬ 
ically mixing circle map fp taking = [0,1]/ ~ with the identification 0 ~ 1. Let G be the semigroup 
generated by G\ = {id,fp,Ra} where Ra is the rotation of angle a. Clearly no element of Gi is an expand¬ 
ing map. We claim that G satisfies fhe weak orbifal specificafion properfy. Firsf we observe fhaf since Ra 
is an isomefry fhen for every x £ S*, every n > 1, every g € G* and e > 0 fhe dynamical ball B{x,g,s) 
salisfies g{ B(x, g,E)) = B{g{x), e). Second, alfhough fp is nof uniformly expanding if safisfies fhe following 
scaling properfy: diam(^([ 0 , d])) > ^ + j[\ + {I -i-yS)d^] = c< 5 diam([ 0 , d]) and diam(^(/)) > cr 5 diam(/) 
for every ball / c of diamefer larger or equal fo d, where cg (1 -i- d(l -i- yS)d®) > 1 (here we use 
fp{x) - 1 -t (1 -I- IS)2l^xP > 1 -I- (1 -I- yS)d^ for every x e [|, 5 ] and ^(x) = 2 for every x £ ( 5 ,1]). Using 
fhe previous expression recursively, we deduce fhaf fhere exisfs > 0 so fhaf 

g{B{x,s)) - 


for every x £ S*, and every g g^^ .. .g,j € G* such fhaf j]{l < 7 < n : gi- = fp) > Ng. The proof of fhe weak 
orbifal specificafion properfy follows as in Example ??. 


Our nexf purpose is fo provide an example of a semigroup wifh exponenfial growfh fhaf is nof a free semi¬ 
group buf sfill satisfy fhe assumptions of Theorem l4.61 

Example 5.5. Lef A = be fhe circle and consider fhe expanding maps on S * given by gi(x) = 2x (mod 1), 
fhaf g 2 {x) = 3x (mod 1). If is clear fhaf fhese maps comufe (fhaf is, gi o g2 - gi ° gi) and fhaf gj 7^ for 
every k,£ € Z,+ (since 2 and 3 are relafively prime). Now, consider anofher C^-expanding map g 3 such fhaf ifs 
cenfralizer Z(g 3 ) is frivial, meaning 

2 (g 3 ) := {h : ^ expanding : h o g^ = g^ o h] = {g^^: £ e Z+}. 
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In particular the subgroup generated by g 2 and gi is disjoint from Z(g 3 ). In other words, ga og* og^ oga 
for every £,k € Z+. The existence of such ga is garanteed by IT]. Let G be the semigroup of expanding maps 
with generators Gi = {g\,g 2 ,g 3 ]- By construction, the subgroup G of G generated by Gi = {gi,ga) is a free 
semigroup then 

lim - log \Gn\ > log 2 > 1 

n—^oo fi 

and the semigroup has exponential growth. Since the generators do not have finite order then any elements 
g £ is a concatenation g = g,„.. .gi^ with g,^. e Gi. By commutativity, all concatenations of j elements gi 

and k elements ga coincide with the expanding map gj g^ and consequently there are exactly « + 1 elements in 
Gn obtained as concatenations of the elements gi and ga. This semigroup has exponential growth and is not 
abelian but still satisfies fhe condifions of Theorem l4.6l for every Holder confinuous pofenfial (/> : X —> R and, 
in parficular, fhe pressure function 1 Ptop((G> G\), tip,X) is differentiable Lebesgue-almost everywhere. 

In what follows we shall provide a simple example of a Z^^-semigroup action where we can already discuss 
the relation between the notion of topological entropy that we introduced in comparison with some of the 
previous ones. We focus on the case of semigroups of expanding maps for simplicity of computations while we 
notice that an example of actions of total automorphisms as considered in Example 15.11 could be constructed 
analogously. 

Example 5.6. Let X = be the circle and the Z^-group action T : Z^ x ^ defined by {{m,n,k), x) 
g'i"g 2 g 3 (x), where gi(x) = 2x (mod 1), g 2 (x) = 3x (mod 1) and ga(x) = 5x (mod 1) are commufing expanding 
maps of fhe circle. By commufafivify and fhe facf fhaf fhe numbers 2,3,5 are relafively prime if is easy fo check 
fhaf |G„| = (n + l){n + 2)/2. Firsf we shall compute fhe topological pressure as considered by Bis in Q. If 
s{n, 5) denotes the number of (n, d)-separated sets by G the topological entropy in Q is defined by 

lim lim sup —■ log s{n, S). (5.3) 

5^0 „_>oo |G„_i| 

In our confexf, for any d > 0 

1 2 
lim sup ——■ log s{n, 5) < lim sup — log(5") = 0 

H—>00 l^n—ll H—>00 W 

proving fhaf fhe enfropy in (15.31) is zero. For fhe sake of complefeness lef us mention fhaf if is remarked in 
|[3ll fhaf having posifive topological enfropy wifh fhis definition does nof depend on fhe generafors. Ruelle 13^ 
considered a slighfly differenf buf similar nofion of fopological enfropy buf fhaf does coincide wifh (15.31) in fhis 
confexf. 

Lef us now proceed fo compufe fhe nofion of fopological enfropy considered by Ghys, Langevin, Wal- 
czak fl\\ and Bis |4|. According fo fheir definition enfropy is compufed as 

lim lim sup - log s{n, 5) = log 5 

>0 /7~>oo n 

and if measures fhe maximal enfropy rafe in fhe semigroup. Finally we observe fhaf if follows from IT^ fhaf 
fhe topological enfropy of fhe semigroup action, according fo Definition 13.21 in fhe case fhe generafors are 
expanding is given by 

, ^ ^ , ,deggi+degg 2 + degga, , 

htop{{G,G\),X) = log(- - -) ^ log(—) > 0. 

Finally lef us menfion fhaf fhis semigroup acfion satisfies the strong orbital specification properties and, conse¬ 
quently, it follows from Theorems 13. II and 13.31 that every point in the circle is an entropy point with respect to 
both entropy notions. 
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